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算子In 在解析函数上的应用①
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摘要:定义了算子In:

Inf =f(-1)
n *f= z

(1-z)n+[ ]1
(-1)

*f

利用算子In 刻画了4个函数类的新子类,证明了:S*
n (γ)⊂S*

n+1(γ),Cn(γ)⊂Cn+1(γ),Kn(β,γ)⊂Kn+1(β,γ),

K*
n (β,γ)⊂K*

n+1(β,γ).
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文中总假定E= {z:z <1},α>1,0≤β<1,以及0≤γ<1,A 表示在E内解析且具有形式

f(z)=z+∑
∞

n=2
anzn的全体函数组成的类,N表示自然数集.

文献[1]给出了γ阶星形函数S*(γ)、γ阶凸函数C(γ)、γ 型β阶近于凸函数K(β,γ)、γ型β阶拟凸

函数K*(β,γ)这4种解析函数的定义.文献[2]介绍并研究了由Ruscheweyh定义的导数运算函数类,定

义了一种积分算子:In: →A A ,设fn(z)= z
(1-z)n+1

(n∈N),将fn
(-1)定义为

fn(z)*f(-1)
n (z)= z

(1-z)2
(1)

有

Inf=f(-1)
n *f= z

(1-z)n+
é

ë
êê

ù

û
úú1

(-1)

*f (2)

  由(2)式可得I0f=zf′,I1f=f,由(2)式所定义的积分算子In 称为f 的n 阶Noor算子.
  利用算子In,可得如下4个函数类:

S*
n (γ)={f∈A:Inf∈S*(γ)}   Cn(γ)={f∈A:Inf∈C(γ)}

Kn(β,γ)={f∈A:Inf∈K(β,γ)}   K*
n (β,γ)={f∈A:Inf∈K*(β,γ)}

  引用文献[3]的结论,我们将给出下面几个结论:
定理1 S*

n (γ)⊂S*
n+1(γ),其中n∈N.

证  设f(z)∈S*
n (γ),并令z(In+1f(z))′

In+1f(z) -γ=(1-γ)h(z),其中h(z)=1+∑
∞

n=1
cnzn,由等式(1)知

z(In+1f)′=(n+1)Inf-nIn+1f,从而有

Inf(z)
In+1f(z)=

1
n+1

(z(In+1f(z))′
In+1f(z) +n)= 1

n+1
((1-γ)h(z)+γ+n) (3)
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对(3)式求导可得

z(Inf(z))′
Inf(z) =z

(In+1f(z))′
In+1f(z) +

(1-γ)zh′(z)
(1-γ)h(z)+γ+n=

γ+(1-γ)h(z)+
(1-γ)zh′(z)

(1-γ)h(z)+γ+n
即有

z(Inf(z))′
Inf(z) -γ=(1-γ)h(z)+

(1-γ)zh′(z)
(1-γ)h(z)+γ+n

(4)

令文献[3]定理13中的ψ(u,v)等于(4)式的左边,其中u=h(z),v=zh′(z),则由(4)式可得

ψ(u,v)=(1-λ)u+
(1-γ)v

(1-γ)u+γ+n
(5)

易知ψ(u,v)满足文献[3]中定理13的条件,由(5)式可得

Reψ(iu2,v1)=Re
(1-γ)v1

(1-γ)iu2+γ+{ }n =
(1-γ)(n+γ)v1

(γ+n)2+(1-γ)2u22 ≤

-
(1-γ)(n+γ)(1+u22)
2[(γ+n)2+(1-γ)2u22]<

0

其中v1≤-
(1+u2)2
2

且(iu2,v1)∈D,D=(C- r+n
r-{ }n

)×C,则复值函数ψ(u,v)满足文献[3]中定理

13的条件,故由文献[3]中定理13知,若Reψ(h(z),zh′(z))>0(z∈E),则Reh(z)>0(z∈E),即

若f(z)∈S*
n (γ),则f(z)∈S*

n+1(γ),从而定理得证.
定理2 Cn(γ)⊂Cn+1(γ),其中n∈N.
证  由f∈Cn(γ)得Inf∈C(γ),z(Inf)′∈S*(γ),则In(zf′)∈S*(γ),zf′∈Sn

*(γ),则zf′
∈Sn+1

*(γ),In+1(zf′)∈S*(γ),z(In+1f)′∈S*(γ),则In+1f∈C(γ),即f∈Cn+1(γ).
定理3 Kn(β,γ)⊂Kn+1(β,γ),其中n∈N.

证  设f(z)∈Kn(β,γ),则存在一个函数k(z)∈S*(γ),使得Rez(Inf(z))′
k(z{ }) >β(z∈E),令函

数g(z)满足Ing(z)=k(z),则g(z)∈S*
n (γ)且Rez(Inf(z))′

Ing(z{ }) >β(z∈E),设

z(In+1f(z))′
In+1g(z) -β=(1-β)h(z)   h(z)=1+∑

∞

n=1
cnzn

由恒等式z(In+1f)′=(n+1)Inf-nIn+1f可得

z(Inf(z))′
Ing(z) =In(zf′(z))

Ing(z) =z(In+1(zf′(z)))′+nIn+1(zf′(z))
z(In+1g(z))′+nIn+1g(z) =

z(In+1(zf′(z)))′
In+1g(z) +nIn+1(zf′(z))

In+1g(z)
z(In+1g(z))′
In+1g(z) +n

由g∈S*
n (γ)⊂S*

n+1(γ),可设z(In+1g(z))′
In+1g(z) = (1-γ)H(z)+γ,其中ReH(z)>0(z∈E),从而

z(Inf(z))′
Ing(z) =

z(In+1(zf′(z)))′
In+1g(z) +n[(1-β)h(z)+β]

(1-γ)H(z)+γ+n
(6)

考虑

z(In+1f(z))′=In+1g(z)[(1-β)h(z)+β] (7)
对(7)式两边求导可得

z(In+1(zf′(z)))′
In+1g(z) =(1-β)zh′(z)+[(1-β)h(z)+β]·[(1-γ)H(z)+γ] (8)

由(6)式和(8)式可得
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z(Inf(z))′
Ing(z) -β=(1-β)h(z)+

(1-β)zh′(z)
(1-γ)H(z)+γ+n

(9)

(9)式中令u=h(z),v=zh′(z),并设ψ(u,v)等于(9)式的右边,有

ψ(u,v)=(1-β)u+
(1-β)v

(1-γ)H(z)+γ+n
(10)

易知ψ(u,v)满足文献[3]中定理13的条件,其中D=C×C,由(10)式可得

Reψ(iu2,v1)=
(1-β)v1[(1-γ)h1(x,y)+γ+n]

[(1-γ)h1(x,y)+γ+n]2+[(1-γ)h2(x,y)]2

其中 H(z)=h1(x,y)+ih2(x,y),h1(x,y)和h2(x,y)是关于x,y的函数且ReH(z)=h1(x,y)>0,

令v1 ≤- 1
2(1+u22)

,则有

Reψ(iu2,v1)≤-
(1-β)(1+u22)[(1-γ)h1(x,y)+γ+n]

2{[(1-γ)h1(x,y)+γ+n]2+[(1-γ)h2(x,y)]2}<
0

从而有Reh(z)>0(z∈E),f(z)∈Kn+1(β,γ),故定理3得证.
定理4 K*

n (β,γ)⊂K*
n+1(β,γ),其中n∈N.

证  令f∈K*
n (β,γ),则Inf ∈K*(β,γ),z(Inf)′∈K(β,γ),则In(zf′)∈K(β,γ),zf′∈

Kn(β,γ),易知zf′∈Kn+1(β,γ),In+1(zf′)∈K(β,γ),z(In+1f)′∈K(β,γ),则In+1f∈K*(β,γ),即

f∈K*
n+1(β,γ).
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Abstract:Inthispaper,operatorInisdefinedas

Inf=f(-1)
n *f= z

(1-z)n+
é

ë
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ù

û
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ThentakingadvantageofoperatorIn,thenewsubclassesoftheabove-mentioned4classesarecharacter-
ized.Thefollowingrelationsofthesesubclassesareproved:S*

n (γ)⊂S*
n+1(γ),Cn(γ)⊂Cn+1(γ),Kn(β,

γ)⊂Kn+1(β,γ),andK*
n (β,γ)⊂K*

n+1(β,γ).
Keywords:analyticfunction;starlikefunction;convexfunction;Nooroperator;close-to-convexfunction;

quasi-convexfunction
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